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Abstract - Th e  com bination of a re current neural ne tw ork  

w ith  th e  output re gulation control th e ory is proposed so 
th at a robust controlle r for gen eral nonline ar discre te  tim e  
syste m s is obtained . It is intended  w ith  th is approach  to 
profit from  th e  identification capabilitie s of neural ne tw ork s 
w ith  th e  stability prope rtie s of th e  output re gulation th e ory. 

Given th e unive rsal approxim ation prope rtie s, a re current 
neural ne tw ork  is applied  for m odelling nonline ar syste m s. 
Le arning is im ple m e nted  on-line , based  on input-output 
data, ensuring th at th e  le arning e rror conve rge s to z e ro. Due  
to th e  com bination of th e  adaptive  neural le arning 
procedure  aspe ct and th e  output re gulator te ch nique  th e  
proposed  control sch e m e  be h ave s w ith  strong robustne ss 
w ith  re spe ct to unk now n dynam ics and nonline ar 
ch aracte ristics. To solve  th e  re gulator e q uations a ne w  
ite rative  procedure  is pre sented . Th e  proposed  algorith m , 
based  on th e  re current neural ne tw ork , ensures th e  
conve rgence  of th e  re gulator e q uations. 

Expe rim ental re sults colle cted  from  a laboratory h e ating 
syste m  confirm  th e  viability and e ffe ctiveness  of th e  
proposed  m e th odology. 

 
Index Term s - Output re gulation, re current ne tw ork s, 

discre te  tim e  nonline ar control, on-line  le arning.1 

I. INTRODUCTION 

n e  of th e  ch allenge s in  control th e ory is th e  track ing 
and disturbance  re je ction proble m s in  nonline ar 

syste m s. Th is proble m  is k now n as th e  nonline ar output 
re gulation proble m , or th e  se rvom e ch anism  proble m . Th e  
m ain goal is to de rive  a control law  such  th at th e  close d loop 
syste m  is stable  and, sim ultan eously, th e  track ing output 
e rror conve rge s to z e ro. Solving conditions for th is proble m  
h ave  b e e n  pre se nte d, re spe ctive ly, in continuous and 
discre te  tim e  b y [1] and [2].  

Th e se  re sults le ad to a straigh tforw ard m e th od for solving 
nonline ar output re gulation proble m s. H ow e ve r, on e  
draw back  of th e  output re gulation control th e ory is th at it 
assum e s a pe rfe ct m ode l. Actually, th e  control law  is no 
longe r valid if th e re  are  m ode lling unce rtaintie s or 
unm e asure d disturbance s.  One w ay to m itigate  th is issue  is 
by using adaptive  n e uro control te ch nique s. 

It h as b e e n  re cognise d th at n e ural n etw ork s offe r potential 
b e n e fits for application in th e  fie ld of control e ngine e ring, 
particularly for m ode lling nonline ar syste m s [3]. Som e  of 
appe aling fe ature s of n e ural n etw ork s are : th e ir ab ility for 
le arning th rough  e xam ple s, by off-line  or on-line  training; 
th e y do not re q uire  any a priori k now le dge ; th e y can 
approxim ate  arb itrarily w e ll any nonline ar continuous 
m apping [4]. Am ong se ve ral arch ite cture s found in th e  

 
J. H e nrique s, P. Gil and A. Dourado are  w ith  Inform atics Engine e ring 

De partm ent, Unive rsity of Coim bra, Portugal. 
B. Castillo-Toledo and A. Titli are  w ith  LAAS-CNR, Laboratorie  d’Analyse  e  

d’Arch ite cture  d e s  Systè m s, Toulouse  

lite rature , re curre nt n e ural n etw ork s (RNN), involving 
dynam ic e le m e n ts and inte rnal fe e dback  conne ctions, h ave  
b e e n  conside re d as m ore  suitable  for th e se  purpose s th an 
fe e dforw ard ne tw ork s. In fact, se ve ral auth ors h ave  sh ow n 
th at re curre nt n e ural n etw ork s h ave  a com pact structure  
and th e y are  in a standard form , w h ich  m ak e s th e m  an ide al 
candidate  for th e  application of control synth e sis sch e m e s 
[5]. 

Th e  m ain goal of th is w ork  is to inve stigate  th e  
com bination of th e  adaptive  on line  n e ural le arning ab ility 
w ith  th e  output re gulator control strate gy. Th e  w ork  is 
organise d as follow s. In se ction II a re vie w  of output 
re gulation th e ory is pre se nte d, b e ing th e  proble m  state d and 
th e  propose d control structure  pre se nte d. Se ction III and IV 
contains th e  m ain re sults of th e  pape r. In se ction III th e  
re curre nt n e ural arch ite cture  and th e  associate d off-line  and 
on-line  le arning law s are  pre se nte d and, in se ction IV, th e  
ite rative  proce dure  for solving th e  output re gulator 
e q uations base d on th e  n e ural m ode l is de scrib e d. Se ction V 
pre se nts som e  e xpe rim e ntal re sults, w ith  a laboratory 
proce ss, and se ction VI conclude s th e  pape r. 

II. OUTPUT REGULATION PROBLEM 

A com ple te  solution for line ar syste m s in state  space  form  
w as given  in [6] and [7]. For nonline ar discre te  tim e  
syste m s, Castillo [2], using th e  z e ro output constrain e d 
algorith m  [8], sh ow s th at th e  solution for th e  proble m  is 
re duce d to th e  solution of transce nde ntal nonline ar 
e q uations, w h ich  re pre se nt th e  discre te  tim e  counte rpart of 
th e  diffe re ntial and transce nde ntal e quations, found for th e  
continuous tim e  syste m s by Isidori, [1]. More ove r, it is 
prove d th at th e ir solvability is dire ctly re late d to th e  
ch aracte ristics of th e  z e ro dynam ics of th e  syste m . 

A. Problem  d e scription 
Th is w ork  conside rs m ultivariable  syste m s, w ith  m  inputs 

and p  outputs de scrib e d by state  e quations of th e  form  (1). 

{ } k, uk x f  kx )()()( =+ 1  (1a)

{ } k x h   ky )()( =   (b)

w h e re  nmnf ℜ→ℜ +:  and pnh ℜ→ℜ:  are  nonline ar 

functions; m  ℜ∈u , p  y ℜ∈ and n  ℜ∈x  are , re spe ctive ly, th e  
input ve ctor, th e  output ve ctor and th e  inte rnal state  ve ctor, 
at a discre te  tim e  k . Conside ring an additional e xte rnal 
variable   )(kw , th e  discre te  tim e  syste m s (1) is  given  by (2). 

{ })()()()( kwk, uk x f  kx  ,1 =+  (2a)

 { } k x h   ky )()( =  (b)
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 { } k w s  kw )()( =+ 1  (c)

 ( ) ( ))()()( kwrkxh ke −=  (d)

Th e  ve ctor p   ℜ∈w  de fine s th e  disturbance s and/or th e  
re fe re nce  signal, ge n e rate d by a so-calle d exosystem , and 

p   ℜ∈e  de fine s th e  output track ing e rror. It is assum e d th at 
th e  m appings )( wuxf ,, , )(ws , and )(xh  are  sm ooth  
functions satisfying 00,0,0 =)(f , 00 =)(s  and 00 =)(h . 
Given  th is e xte nde d syste m , th e  proble m  of asym ptotically 
track ing a re fe re nce  traje ctory is to find a state  fe e dback  
control law  such  th at th e  e rror )(ke  goe s to z e ro and th e  
w h ole  syste m  is asym ptotically stable . More  pre cise ly, it is 
de sire d to find conditions unde r a controlle r in  th e  form  (3), 

{ } k,wk x? ku )()()( =  (3)

w h e re  mqn: ℜ→ℜγ +  is a sm ooth  m apping such  th at 
00,0 =)(? , satisfying th e  follow ing tw o re q uire m e n ts (4) and 

(5). 
S1: Th e  e quilibrium  point 0=x  of th e  dynam ics  

( ){ } 1 ),0()()( kx, k x f kx γ=+  (4)

is locally e xpon entially stable . 
S2: Th e re  e xists a ne igh bourh ood U  of th e  origin )( 0,0  

such  th at, for e ach  initial state  ( ))(),( 00 wx , th e  solution of 
th e  close d loop syste m  (5) 

( ){ } kwkwkx, k x f  kx )()(),()()( ,1 γ=+  (5a)

{ } k w s  kw )()( =+ 1  (b)

satisfie s th e  e rror condition (6). 
( ) ( ){ } 0 lim =−

∞→
)()( kwrkxh

k
 (6)

B. Problem  solution 
Th eorem  [2]: Th e  state  fe e dback  discre te  tim e  re gulator 

proble m  is locally solvable  if th e re  e xits tw o 
)h(C h 2 ≥ m appings )(wx π=  and )(wcu = , w ith  0=)(wπ  

and 0=)(wc , satisfying (7). 

( ) { },  w  w, cw  f  ws )()()( ππ =  (7a)

( ) )()( wrw h −= π0  (b)

Once  e valuate d th e  m appings )(wx π=  and )(wcu = , it is 
e asy to sh ow  th at th e  particular control law  given  by (8), 
satisfie s both  re q uire m e n ts S1 and S2.  

[ ])()()()( wxKwcwx?ku π−+== ,  (8)

K is a m atrix of appropriate  dim e n sions th at place s th e  
e ige nvalue s of th e  first orde r approxim ation of th e  nonline ar 
state  space  m ode l in de sire d locations. As given  by e q uation 
(7), th e  solution of th e  output re gulator proble m  is re duce d 
to a se t of nonline ar diffe re nce  e quations, k now n as 
re gulator e q uations.  

C. Regulator equations solution 
Exce pt in ve ry fe w  case s, it is difficult to de rive  an 

analytical solution for th e  m appings )(wx π=  and )(wcu =  
th at solve s th e  re gulator e q uations. One possib ility is to 

solve  approxim ate ly th e  re gulator e q uations. Castillo [2] h as 
pre se nte d and de rive d conditions for th e  e xiste nce  of an 
approxim ate  solution for th e  discre te  tim e  case , base d on a 
polynom ial e xpansion. Base d on a Taylor se rie s e xpansion as 
w e ll, H uang and Rugh  [9 ] h ave  propose d an approxim ation 
m e th od for th e  continuous case . Re ce ntly, th e  sam e  auth ors 
[10] h ave  pre se nte d an alte rnative  approxim ation using a 
type  of re curre nt n e ural n etw ork , analogous to a ce llular 
n etw ork . W ith  a corre ct ch oice  of param e te rs th e  re curre nt 
n e ural n etw ork  is able  to solve  th e  re gulator e q uations in 
th e  le ast square  se n se  b y m e ans of a gradie nt de sce nt 
m inim isation. 

One  of th e  m ain contributions of th is w ork  is to propose  
a n e w  ite rative  algorith m  th at e n sure s conve rge  of th e  
solution, as w ill b e  pre se nte d in se ction 4. 

D. Proposed  ad aptive control structure 
Assum ing e xact k now le dge  of th e  syste m s param e te rs is 

not viable  in practice . Th us th e  de sign of a m ode l base d 
output re gulator cannot assure  conve rgence  of th e  track ing 
e rror to z e ro. Conce rning th e  m ode l, th e  re curre nt n e ural 
m ode l can re place  th e  un k now n syste m , transform ing th e  
original proble m  of control into a nonline ar control proble m  
suitable  to b e  de sign e d by th e  output re gulation th e ory. On 
th e  oth e r h and, if th e  training is pe rform e d off-line , th e  
nonline ar n e ural m ode l is not e xact in th e  pre se nce  of 
disturbance s, param e te r variations and unce rtaintie s. To 
ove rcom e  th is draw back  an adaptive  strate gy is applie d 
providing on-line  le arning of th e  n e tw ork  param e te rs. Th e  
block  diagram  of th e  propose d control structure  is sh ow n if 
Fig. 1. 
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Fig. 1. Propose d control structure . 

Base d on th e  ide ntification  e rror, )()()( kykyke snn −= , a 
le arning law  update s th e  n e ural param e te rs, θ . Th e  output 
re gulator de sign for th e  n e ural n etw ork  e n sure s th e  
asym ptotic conve rgence  of th e  n e ural track ing e rror, 

)()()( kykyke dnd −= .  So, if th e  param e te rs of th e  n e ural 
m ode l are  adapte d in  th e  pre se nce  of param e tric variations 
or unce rtaintie s in  th e  dynam ics of th e  syste m , th e  syste m  



   

 
 

track ing e rror w ill conve rge  to z e ro. In fact, th e  syste m  
track ing e rror, )()()( kykyke ds −= , can b e  w ritten  as 

( ) ( ))()()()()( kykykykyke dnns −+−=  (9 )

Since  th e  re gulator assure s (10) 
{ } 0lim =

∞→
 k-yky dnk

)()(  (10)

th e  ove rall e rror w ill conve rge  provide d th at th e  
ide ntification  e rror also conve rge s, i.e , (11). 

{ } 0lim =
∞→

 k-yky nsk
)()(  (11)

III. MODELLING W ITH  NEURAL NETW ORKS 

As h as b e e n  obse rve d from  th e  re ce nt de ve lopm ents of th e  
n e ural n etw ork  base d control th e ory, unde r suitable  ch oice  
of n etw ork  arch ite cture , le arning m e th odologie s, and 
appropriate  training, n e ural n etw ork s can b e  conven ie ntly 
train e d to b e  include d in  th e  control syste m  conte xt [3], [11]. 

A. Th e proposed  arch itecture 
Se ve ral discre te  tim e  re curre nt n e ural n etw ork  

arch ite cture s h ave  b e e n  propose d. An  e xce llent re fe re nce  in 
th is conte xt is th e  w ork  of Tsoi [12]. Th e  arch ite cture  
propose d h e re  is de picte d in  Fig. 2. 
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Fig. 2. Block  diagram  of th e  re curre nt n e ural n etw ork . 

Its b e h aviour can b e  de scrib e d by th e  follow ing discre te  
tim e  e quations (12). 

{ } )()()()()( kFykH xk Bu k Axkx +++=+  D   1 ϕ  (12a)

)()( k  Cx ky =  (c)

Th e  ve ctor n  ℜ∈x  is th e  output of th e  se cond h idde n  laye r, 
m  ℜ∈u is th e  input and p  ℜ∈y  is th e  output. nn,  ℜ∈A , 

mn,  ℜ∈B , np,  ℜ∈C , nn,  ℜ∈D  and nn,  ℜ∈H  are  th e  
inte rconne ction m atrice s. Th is arch ite cture  can b e  se e n as a 
m odification of th e  original discre te  tim e  RNN propose d by 
H opfie ld [13]. Th e  n e ural activation function )x(ϕ is th e  
h ype rbolic tangent. 

Th e  w e igh ts of th e  n e tw ork  are  adjuste d to m inim ise  a 
sum  of th e  square d e rrors. Once  training is pe rform e d, th e  
past outputs of th e  actual syste m  )(kys  are  re place d by th e  
past outputs of th e  n e ural n etw ork  )(kyn  (paralle l m ode ). 
Follow ing th is proce dure  an autonom ous nonline ar state  
space  m ode l (13) is de rive d, m ak ing th is arch ite cture  w e ll 

suite d for nonline ar control synth e sis in  w h ich  th e  output 
re gulator strate gy is an  e xam ple . 

{ } { } )()()()( kxFCHkBuk Ax  D kx  1 +++=+ ϕ  (13a)

)()( k  Cx ky =  (b)

B. Th e proposed  learning m eth od ology 
Th e  propose d le arning m e th odology consists in a pre vious 

off-line  le arning and a poste rior on-line  le arning. 
 
Off-line learning: As pointe d out by H agan [14] th e  
Le ven b e rg-Marquadt is m ore  e fficie nt th an oth e r te ch nique s 
w h e n  th e  n e tw ork  contains no m ore  th an a fe w  h undre d of 
param e te rs. Due  to th e ir e ffe ctive n e ss th is algorith m  w as 
use d for th e  off-line  training of th e  re curre nt n e ural 
n etw ork . 

On-line learning: Se ve ral training algorith m s h ave  b e e n  
propose d to adjust th e  value s of th e  n e tw ork  param e te rs θ in 
re curre nt n etw ork s. Typical e xam ple s are  th e  re al tim e  
re curre nt algorith m  [15], th e  dynam ic back propagation [16], 
and th e  b ack propagation trough  tim e  [17]. Th e se  m e th ods 
use  a gradie nt base d le arning algorith m  b e ing th e  w e igh ts 
ch ange s given  by  

)()()( kkk θθθ ∆+=+ 1  (14)
w ith  

)()()()( kekPkk nηθ =∆  (15)

w h e re  )(ke n  is th e  ide ntification  e rror, )(kη  is a gain 
param e te r and )(kP  is function of available  inform ation.  

In th e  pre se nt w ork  a straigh tforw ard variation of th is 
ge n e ral m e th od w as follow e d. First only th e  output m atrix, 
C , e q uation (13a), is update d. W ith  th is proce dure  th e  
dynam ics of th e  n e ural n etw ork , capture d w ith  th e  off-line  
le arning, is fixe d and only a gain param e te r is update d. 

Additionally, at e ach  discre te  tim e  ste p k , an ite rative  
proce dure  is pe rform e d to update  th e  n e tw ork  w e igh ts.  Th e  
incre m e n t )()()()( kekPkk i

n
iii ηθ =∆ , e valuate d at e ach  

ite ration i, is de te rm ine d such  th at re lation (16) is ve rifie d. 

)( )( 1 keke i
n

i
n

−= α  (16)

Follow ing th is approach , and unde r an appropriate  
se le ction of th e  constant α , th e  ide ntification  e rror 
conve rge s to z e ro. 

IV. SOLVING REGULATOR EQUATIONS  

Due  to th e  nonline aritie s, th e  de rivation of an analytical 
solution for th e  output re gulator proble m  is, in m ost case s, 
im possible . In th is w ork , base d on th e  particular re curre nt 
n e ural n etw ork  m ode l, an approxim ation m e th od is follow e d. 
In fact, th e  re gulator e q uations and th e  re curre nt line ar 
n etw ork  actually com ple m e n t e ach  oth e r, i.e , th e  re gulator 
e q uations consist in a re curre nt n e ural n etw ork , w ith  th e  
sam e  arch ite cture  as th e  original n eural n etw ork  use d for 
m ode lling purpose s. 

Th e  propose d algorith m  le ads th e  proble m  to a pole  
place m e n t de sign ensuring th at th e  solution of th e  re gulator 



   

 
 

e q uations conve rge s if th e  re sulting e ige nvalue s are  ch ose n  
to b e  stable . 

A. Algorith m  
For a SISO syste m  w ith  n  state s and m =p=1, and tack ing 

into account th e  re lative  de gre e  [18], th e  ve ctor 1)( +ℜ∈Γ nw , 
com pose d for th e  m appings th at are  inte nde d to b e  
de te rm ine d, is de fine d by (17). 
















Π
Π

=Γ
)(
)(
)(

)(
wc
w
w

w 2

1
 

(17)

w h e re  1
1 )( ℜ∈Π w  (th e  value  of th e  n e ural n etw ork  re lative  

de gre e ) and 1
2 )( −ℜ∈Π nw . 

i) Z ero output constrained  d ynam ics algorith m   
Th e  application of th e  z e ro output constrain e d dynam ics 

algorith m  [8] to th e  pre se nt proble m  le ads to th e  follow ing 
se t of n+ 1 e q uations w ith  n+ 1 unk now ns (18). 

i) 

 )(kw C C =Π+Π 2211  
(18a)

ii) 
{ } ( )
{ } ( )

)( 1

)(  

)(  

222221222221212

112211112121111

+=

Π+++Π+Π

+Π+++Π+Π

kw

HCHCwB A AC

HCHCwB A AC

γϕ

γϕ

 

(b)

iii) 

{ } 22221212222121 )( Π=Π+Π+γ+Π+Πϕ HHwB A A  
(c)

1,1
1 ℜ∈C , 1,1

2
−ℜ∈ nC , 1,1

1 ℜ∈B and 1,1
2

−ℜ∈ nB  are  
m atrice s de fine d re spe ctive ly by (19 ) and  (20). 

[ ]21 CCC =  (19 )







=

2

1
B
B

B  
(20)

Th e  m atrice s 1,1
11 ℜ∈A , 1,1

12
−ℜ∈ nA , 1,1

21
−ℜ∈ nA and 

1,1
22

−−ℜ∈ nnA  are  de fine d by (21). ijH  h as th e  sam e  

dim e n sions as ijA . 







=

2221

1211
AA
AA

A  
(21)

ii) Set up of th e  iterative problem  
De fine  an  e rror function, 1+ℜ∈ nE , de scrib e d by (22). 













=
)3(
)2(
)1(

e
e
e

E  
(22)

such  th at th e  e rrors e (1), e (2) and e (3) are  given  by (23). 
)(kw C Ce −Π+Π= 2211)1(  (23a)

{ } ( )

{ } ( )

)1(          

            

  )2(

222221222221212

112211112121111

+−

Π+++Π+Π

+Π+++Π+Π=

kw

HCHCB A AC

HCHCB A ACe

γϕ

γϕ

 

(b)

{ } 22221212222121 )3( Π−Π+Π++Π+Π= HHBAAe γϕ  (c)

It is possible  to de fine  a diffe re nce  e rror, b etw e e n  tw o 
conse cutive  ite rations, i and i-1, as follow s: 














−=−

−

−

−

−

)3(
)2(
)1(

)3(
)2(
)1(

1

1

1

1

i

i

i

i

i

i

ii

e
e
e

e
e
e

EE  
(24)

De fine  also th e  incre m e n t b etw e e n  tw o conse cutive  
ite rations given  by (25), or (26). 
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(25)

iii ∆ Γ+Γ=Γ − 1  (26)

w h e re  i
1Π , i

2Π  and iγ  and 1
1

−Π i , 1
2
−Π i  and 1−γi  are  

re spe ctive ly th e  value s of th e  m appings to b e  e valuate d at 
ite rations i and i-1. 

iii) Convergence of th e  iterative algorith m   

Th e  proble m  unde r inve stigation can b e  state d as th e  
de te rm ination of th e  incre m e n t such  th at b etw e e n  tw o 
conse cutive s ite rations th e  follow ing condition (27) h olds. 

1 −Λ= ii EE  (27)

b e ing 1,1 ++ℜ∈Λ nn  a m atrix w ith  stable  e ige nvalue s. If th is 
re lation is ve rifie d th e  e rror w ill conve rge  and th e  re gulator 
e q uations w ill h ave  a solution. 

iv) Determ ination of th e  increm ent at each  tim e step 

Th e  h ype rbolic activation function conside re d in  th e  
n e ural m ode l h as som e  us eful prope rtie s. Be ing a non-
de cre asing m onotonic function it is possible  to w rite  (28). 

xxxx ∆+=∆+  )()( κϕϕ  (28)

w h e re  κ  is a value  b e tw e e n  )(x  and )( xx ∆+ . Th e  value  of 
κ  can b e  approxim ate d by tak e n  a first orde r approxim ation 

xJxxx ∆=−∆+ )()( ϕϕ  (29 )

 w ith  
x
xJ

∂
∂= )(ϕ

. 

Using (26) and applying th is re sult to e q uations (23) it is 
possible  to w rite  th e  diffe re nce  e rror as (30) 

∆ Γ−=
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w
wMEE i
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(30)

w h e re  1,1 ++ℜ∈ nnM is a m atrix de te rm ine d by conside ring 
th e  approxim ation given  according to (29 ). 



   

 
 

v) Conclusion 
Using th is proce dure  th e  re gulator e q uations can b e  se t as 

a proble m  of pole  place m e n t de sign. In fact, if th e  incre m e n t 
∆ Γ  is ch ose n  as a function of th e  pre vious e rror 1−iE , 

1 −=∆ Γ iEK  (31)

th e n  

[ ] 1 −−= ii EKMIE  (32)

and, finally, K sh ould be  de te rm ine d such  th at th e  
e ige nvalue s of th e  e rror e q uation are  in de sire d locations, 
th at is, 

[ ] )(Λ=− e igKMIeig  (33)

H e nce , by a suitable  ch oice  of K, th e  ite rative  proce dure  
drive s th e  e rror to z e ro. 

V. EXAMPLE 

In orde r to illustrate  th e  applicability of th e  propose d 
control sch e m e  th e  te m pe rature  control in a laboratory 
h e ating syste m  is conside re d. Th e  syste m  dynam ics is 
assum e d to b e  totally unk now n and th e  control law  is only 
base d on m e asure m e n ts from  th e  syste m .    
 
A. Th e laboratory process 

In th e  laboratory proce ss, de picte d in  Fig. 3 and Fig. 4, air 
is force d to circulate  b y a fan blow e r th rough  a duct and is 
h e ate d at its inle t. Th is is a non-line ar proce ss w ith  a pure  
tim e  de lay, w h ich  de pe nds on th e  position of th e  
te m pe rature  se n sor e le m e n t and th e  air flow  rate , de pe nding 
on th e  dam pe r position Ω . Th e  syste m  input )(ku , is th e  
voltage  on th e  h e ating de vice , w h ich  consists of a m e sh  of 
re sistor w ire s, and th e  output, )(kys , is th e  outle t air 
te m pe rature . 

 

 
Fig. 3. Laboratory Proce ss. 
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Fig. 4. Sch e m atic diagram  of th e  Laboratory Proce ss. 

B. Experim ents 
Sam pling tim e  w as ch ose n  as 0.2 se conds. For m ode lling 

purpose s a re curre nt n e ural n etw ork  w ith  five  n e uron e s in  
both  h idde n  unit, 5=n , w as conside re d. In th e  ite rative  
output re gulation algorith m  th e  e ige nvalue s w e re  ch ose n  to 
b e  place d at 0.2. Th e  re curre nt n etw ork  w as pre vious train e d 
w ith  a re pre se ntative  se q ue nce  of data points w ith  th e  
Le ven b e rg-Marquadt algorith m .  

Th e  pe rform ance  of th e  propose d control sch e m e  w as 
te ste d for diffe re nt se t points )(kr , such  as a square  w ave  
and a sinusoidal w ave . As can b e  obse rve d in  Fig. 5 and in 
Fig. 6, th e  propose d control approach  give s quite  satisfactory 
re sults. Cle arly it pe rform s conside rably w e ll in track ing th e  
se t points.  
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Fig. 5. Controlle r pe rform ance  - square  w ave  re fe re nce . 
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Fig. 6. Controlle r pe rform ance  - sinusoidal re fe re nce . 

Dynam ics variation 
Th is e xpe rim e nt addre sse d th e  dynam ics variation of th e  

laboratory proce ss. Variations w e re  conside re d in  th e  flow  
rate  of th e  input air: %20+=∆ Ω  at instant 15 se conds and 

%20−=∆ Ω º, at instant 25 se conds. Th e  re fe re nce  is a 
constant value . Fig. 7 pre se nts th e  e xpe rim e ntal re sults. As 



   

 
 

can be  obse rve d, due  to th e  adaptive  ch aracte ristic, th e  
control can h andle  syste m  variations. 
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Fig. 7. Controlle r pe rform ance  for dynam ics variation.   

VI. CONCLUSIONS  

In th is w ork  th e  com bination of th e  output re gulator 
control th e ory w ith  re curre nt n e ural n etw ork s m ode ls w as 
inve stigate d.  

Th e  output re gulator base d on th e  n e ural param e te rs, 
guarante e s th at th e  n e ural track ing e rror conve rge s to a 
sm all n e igh bourh ood of z e ro, w h ile  th e  close d loop syste m  is 
stable . To cope  w ith  th e  inaccuracy of th e  off-line  e stim ate d 
n e ural param e te rs, and possible  ch anging dynam ics, an 
adaptive  strate gy w as e m ploye d providing on-line  le arning 
of th e  n e tw ork  param e te rs. In th is se n se , th e  n e ural m ode l 
can adaptive ly le arn th e  syste m  unce rtaintie s and th e  
re gulator law  adjusts th e  control action in orde r to 
guarante e  a robust asym ptotic e rror conve rgence .  

Base d on th e  re curre nt n e ural m ode l an approxim ate d 
ite rative  proce dure  for solving th e  output re gulator de sign 
w as de rive d, e n suring conve rgence  of th e  solution. 

Th e  e ffe ctive n e ss of th is te ch nique  h as b e e n  de m onstrate d 
by se ve ral e xpe rim e nts in a laboratory proce ss.  Furth e r 
re se arch  w ill b e  don e  tow ards th e  study of stab ility and 
robustn e ss prope rtie s of th e  propose d control structure . 

 

ACKNOW LEDGEMENTS 

Th is w ork  w as partially supporte d by th e  Portugue se  
M inistry of Scie nce  and Te ch nology (MCT), unde r th e  
program  PRAXIS XXI/EEI/11455/19 9 8. Part of th is w ork  
w as don e  w h e n  th e  first auth or w as visiting LAAS – CNRS, 
Toulouse . W e  w ould lik e  to e xpre ss h e re  our gratitude  to 
LAAS. 
 
 
 

REFERENCES 

[1] Isidori, A. and Byrn e s, C. “Output re gulation for nonline ar 
syste m s”. IEEE Trans. Autom at. Control, 26, 131-140, 19 9 0. 

[2] Castillo, B., Di Gennaro, S. and Norm and-Cyrot, D. “Nonline ar 
re gulation for a class of discre te  tim e  syste m s”. System s &  Cont. 
Letters , 20, 57-65, 19 9 3. 

[3] Nare ndra, K. “Neural n etw ork s for control: Th e ory and 
Practice ”. Proce e d ing of th e  IEEE, 84, 10, 1385-1406, 19 9 6. 

[4] Jin, L. Nik iforuk , P. and Gupta, M. “Approxim ation of discre te  
tim e  state  space  traje ctorie s using dynam ic re curre nt 
n etw ork s”. IEEE Trans. Autom atic Control, 40, 7, 1266-1270, 
19 9 5. 

[5] Link e n s, D. and Nyonge sa, Y. “Le arning syste m s in  inte lligent 
control: an appraisal of fuz z y, n e ural and ge n e tic algorith m  
control applications”. IEE Proc. Control Th eory App., 134(4), 
367-385, 19 9 6. 

[6] Francis, B. and W onh am , W . “Th e  inte rnal m ode l principle  for 
line ar m ultivariable  syste m s”. J. Appl. Math . Optim ., 2, 170-
19 4, 19 75. 

[7] Francis, B. “Th e  line ar m ultivariable  re gulator proble m ”. SIAM 
J. Control Optim ., 15, 484-505, 19 77. 

[8] Monaco, A. and Norm and-Cyrot, D. “Minim um  ph ase  nonline ar 
discre te  tim e  syste m s and fe e dback  stabilization”. Proc. 23th  
Conference  on Decision and  Control, Los Angeles , 9 79 -9 86, 19 87. 

[9 ] H uang, J, and Rugh , W . “An approxim ation m e th od for th e  
nonline ar se rvom e ch anism  proble m ”. IEEE Trans. Autom . 
Control, 37, 9 , 139 5-139 8, 19 9 2. 

[10] H uang, J, and Rugh , W . “Stabilization on  z e ro-e rror m anifolds 
and th e  nonline ar se rvom e ch anism  proble m ”. IEEE Trans. 
Autom . Control, 37, 7, 1009 -1003, 19 9 9 . 

[11] Rovith ak is, G. and Ch ristodoulous, M. “Neural adaptive  
re gulation of unk now n nonline ar dynam ical syste m s”.   IEEE 
Trans. Syst. Man, Cybern, Part B, 25, 5, 810-822, 19 9 7. 

[12] Tsoi, A., and Back , A. “Discre te  tim e  re curre nt n e ural n etw ork  
arch ite cture s: A unifying re vie w ”. Neurocom puting, 15, 183-223, 
19 9 7. 

[13] H opfie ld, J.and and Tank , D. “Neural com putation of de cisions 
in optim isation proble m s”, Biological Cybernetics , 52, 141-152, 
19 85. 

[14] H agan, M. and Men h aj, B. “Training fe e dforw ard ne tw ork s w ith  
th e  M arquadt algorith m ”. IEEE Trans. on Neural Netw ork s , 5, 
6, 9 89 -9 9 3, 19 9 4. 

[15] W illiam s, R. and Z ipse r D. “Gradie nt-base d le arning algorith m s 
for re curre nt n etw ork s and th e ir com putational com ple xity”. 
Back propagation: Th eory, arch itectures and  applications , Y. 
Ch auvin and D. Rum elh art Ed s , Ch ap.13, 433-486, 19 9 5. 

[16] Nare ndra K. and Parth asarath y K. “Gradie nt m e th ods for th e  
optim iz ation of dynam ical syste m s containing n e ural n etw ork s”. 
IEEE Trans. on Neural Netw ork s , 2, 2, 252-262, 19 9 1. 

[17] W e rbos, P. “Back propagation th rough  tim e : w h at it doe s and 
h ow  to do it”. Proce e d ings of th e  IEEE, 78(10), 1550-1560, 19 9 0. 

[18] Nijm e ije r, H . and Sch aft , V. “Nonline ar Dynam ical Control 
Syste m s”. Springer-Verlag, Ne w  York , 19 9 0. 

 


