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Abstract- The com bination ofa recurrentneuralne tw ork
with the output regu htion controltheory is proposed so
t ata robustcontrolr for generallnon Inear discret time
systtms is obtained. It is intended with this approach t
profitfrom the identification capabi Bties ofneuralnetw ork s
with the stabi Iy properties ofth e outputregu htion theory.

Ginen the universalapproxim ation properties, a recurrent
neuralnetw ork is app led for m ode Ming non Inear systms.
Learning is impEmentd on-0Ene, based on inputoutput
data, ensuringthatthe Barningerror con\erges tozero. Due
™ the combination of the adaptine neural Barning
procedure aspect and the output regu htor £ch nique the
proposed controlscheme behaws with strong robustness
with respect t© unknown dynamics and nonlnear
characteristics. To sole the regu htor equations a new
itrative procedure is presentd. The proposed aBoritim,
based on the recurrent neurall network, ensures the
conmergence ofthe regu htor equations.

Experimentalresuls colicted from a Bhboratory heating
sysetm confirm te wabilty and effectineness of the
proposed met odo bgy.

Index Terms Output regu htion, recurrent networks,
discret® time non Inear controlon- Ine Barning.

I. INTRODUCTION

One of the ctalMnges in controltheory is the tracking
and disturbance repction probEms in non Enear
systtms. This prob Bm is known as te nonEnear output
regu ktion problm, or the servomechanism prob Em. The
m ain goa lis to derive a controllhw such ttatte chbsed bop
system is stab B and, simu Baneous ¥, the trading output
error con\erges t zero. Solling conditions for this prob Im
haw been presentd, respectinve ¥, in continuous and
discret time by L]and 2]

These resuls Bad  a straigh tforw ard m et od for soling
non Inear output regu khtion probEms. However, one
drawbadk of the outputregu htion controltheory is tatit
assumes a perfct mode I Actua ¥, e controll hw is no
bnger valld if tere are mode Eng uncrtaintes or
unmeasured disturbances. One way tomitigat tis issue is
by using adapti\e neuro contro e ch niques.

Ithas been recognised th atneuralinetworks ofer potntal
benefits for appBcation in the fie B of controlengineering,
particu kr¥ for m ode ling non Inear systms B} Some of
appeallng fatures of neuralnetworks are: tieir abi Hy for
Barning tirough exampls, by off Ine or on- Ine training;
they do not require any a priori know Bdge; ey can
approximat arbitrarib we B any non Bnear continuous
mapping ] Among sexerall architctures found in the
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Ierature, recurrent neurall networks (RNN), inwling
dynamice Bment and intrna BIedbad connections, haw
been considered as more suitab B for these purposes than
fedforward networks. In fact sexeralauth ors hawe shown
that reaurrent neuralnetworks haw a compact structure
and tey are in a standard form ,which makes them an ideall
candidat for the applcation of controlsynthesis schemes
Bl

The main goall of this work is t inwstigat te
com bination of the adaptive on Ene neurall Barning abi My
with the output regu htor control strategy. The work is
organised as folbws. In section Il a review of output
regu htion theory is presentd, beingte prob Im stated and
the proposed controlstructure presentd. Section Il and IV
contains the main resuls of tie paper. In section Il the
reaurrentneurallarad it cture and te associatd off Ine and
on-Ine Barning Bws are presentd and, in section IV, the
itrative procedure for soling te output regu htor
equations based on the neurallm ode Bis described. Section VV
presents some experimentall resulbs, witht a HRboratory
process, and section M conclides the paper.

Il. OUTPUTREGULATION PROBLEM

A com p I solition for Inear sysems in stat spac form
was given in [B] and [7] For nonEnear discret time
sysetms, Castilb [2] using tie zero output cmnstrained
aborittm [B] shows ttat tie solition for the prob Im is
reduccd ®© the soliton of transendental non Enear
equations, which representtie discret time countrpartof
the diferentialand transendentallequations, found for the
continuous time sysems by Isidori, 11 Moreower, it is
proved that teir sobabily is directh re htd © te
daracteristics oftie zerodynamics ofthe sysem.

A_Prob Im description

This work considers mu Kivariab B sysems,with m inputs
and p outputs described by stat equations ofthe form (1).

x(k +1) = F{x(), u() } (1)
y() = h {x()} (b
where f:A"™ ® A" and h:A" ® AP are nonlnear

functions; uT A™ , yT APand x1T A" are, respective ¥, the
input\ector, the output\ector and the intrna lstat \ector,
at a discret time k . Considering an additionalextrnal

variab B w(k) ,the discrete time sysems (1)is given by (2).
x(k +1) = F{x(), u),w (0} (22)
yk) = {x()} (b)



wi+1) = s{w@)} ©
e(k) =h (x(k))- rlv () ()

The wvector w T AP defines te disturbanes andér the
reffrenc signall generatd by a so-calld exosysem, and
e T AP defines the outputtracingerror. Itis assumed t at
the mappings fix,uw), sw), and h(x) are smooth
functions satisfying f(0,00)=0, s(0)=0 and h(0)=0.
Giwen this extnded sysem, the prob Im of asym ptotica W

tracking a reRrence tragctory is o find a stat fedbad
control bw such thatthe error e(k) goes t zero and the
wholl system is asym ptotical® stab B. More precise ¥, itis
desired  find conditions under acontroMr in the form (3),

uk) =2 {x@m ()} ©)
where g:A"" ® A™ is a smooth mapping sud tat
?(0,0)=0, satisfyingthe folbwing Wwo requirement (4)and
®).
S1: The equillbrium point x =0 ofthe dynamics
x(k +1) = F{x(), g(x(x),0)} ()
is bcal exponentialy stab .
S2: There exists a neighbourhood U of the origin (0,0)
sudh tat, for eadh initalstat (x(O),w (0)), the solition of
the chsed bop sysem (5)

x(k +1) = F{x(k), g(x().w (k))w k) } (5a)

wk+1) = s{w)} (0)
satisfies the error condition (6).

kl®m¥{h (x())- rw )} =0 (6)

B.Prob Im solition

Theorem 2] The stat fedback discrett time regu htor
prooBm is Bbcall solabl if there exit Wwo
ch (h 3 2)mappings x=pw) and u=qw),with pw)=0
and qw) =0, satisfying (7).

p(sw)) = F{p@w), cw), w}

0 =nh(w))-rw) (b)
Onc evallated the mappings x =p(w) and u =dw), itis
easy to show thatte particu br control hw given by (8),
satisfies both requirements S1 and S2.
uk) =2(x,w)=cw)+K|x-pw)] (8)
K is a matrix of appropriat dimensions ttatphes the
eigenvalies ofthe firstorder approxim ation oftie non Inear
stat spac mode Bin desired bcations. As ginen by equation
(7), e solition ofthe outputregu htor prob Em is reduced
t a set of nonlnear difErence equations, known as
regu Rtor equations.

(72)

C.Regu htorequations solition

Except in wery fw cases, it is difficu k 0 derive an
ana bticallsolition for the mappings x =p(w) and u =dw)
that soles the regu htor equations. One possibiy is ©

solle approximat ¥ te regu htor equations. Casti b [2]h as
presentd and derived conditions for the existnc of an
approxim at solition for the discret time case, based on a
po ¥nom ia ke xpansion. Based on a Tay br series expansion as
we B H uang and Rugh f 1hawe proposed an approxim ation
meth od for e continuous case. Recentl, the same aut ors
[L0] haw presentd an aBkrnative approxim ation using a
type of recurrent neurallnetwork, anabgous t© a ¢ W br
network. With a correct choice of paramet®rs the recurrent
neuralnetwork is abl © solle the regu htor equations in
the Nast square sense by means of a gradient desent
m inim isation.

One ofthe main contributions ofthis work is to propose
a new itrative alboritm that ensures con\erge of the
solition, as wilbe presentd in section 4.

D .Proposed adaptive contro kstructure

Assuming exact know Bdge of the systms parame®rs is
not Mab B in practice. Thus the design of a mode Bbased
output regu htor cannotassure connergence of the tracking
error o zero. Concerning the mode § the recurrentneural
mode Bcan rephe the unknown systm, transforming the
origina Iprob Im of controlinto a non EInear controllprob Im
suitab | to be designed by the outputregu lktion theory. On
the other hand, if the training is performed off Ine, the
non EInear neuralmode Bis not exact in the presence of
disturbances, parame®r \ariations and uncrtaintes. To
owvrcome this drawbad an adaptive stratgy is appled
provding on-Ine Barning of the network parametrs. The
b bck diagram of the proposed controlstructure is shown if
Fig. 1.

W=y,
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q
X
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Fig. 1. Proposed controlstructure.

Based on the identification error, e, (k) =y, (k)- ys(k), a

Barning hw updats the neurallparame®rs, q. The output
regu htor design for the neurall network ensures the
asym ptotic con\ergence of the neural tracking error,
eqk)=ynk)-yq(k). So, ifthe parametrs of the neural
m ode Bare adaptd in the presenc of parametric variations
or uncrtaintes in the dynamics oftie system, the sysem



tracking error willcon\erge t zero. In fact the systm
trackingerror, e(k) =ys(k)- yq(k),can be writlen as

e(k) = (v () - v (K))+ (v () - 4 (€)) ©)
Since the regu htor assures (10)

| k)yq (k) =0 10

I {yn ()ya ()} (10)
the owrall error will connerge provided that the
identification error aBo con\erges, i.e, (11).

1 k)y,(k) =0 11

I {ys () ()} (1)

I1l. MODELLING W ITH NEURALNETW ORKS

As has been obsened from the recentdee bpments ofthe
neuralnetwork based controlteory, under suitab I d oice
of network ardiitcture, HBarning met odobgies, and
appropriat training, neuralnetworks can bhe con\enienth
trained be inchided in e controbystm conext[3] 1]

A_The proposed ard itcture

Sexerall discret time reaurrent neural network
arditctures haw been proposed. An excc Entrefrenc in
tis context is the work of Tsoi [12] The ardhitcture
proposed here is depicted in Fig. 2.

uk)

x(k+ 1)

c[»S

y(k+1)

Fig. 2. Bbck diagram oftie recurrentneuralnetwork.
Its behaviour can be described by the folbwing discret
time equations (12).
x(k +1)= Dj {Ax(k) + Bu(k)}+H x(k)+ Fy(k) (12a)
y(k) = Cx(k) ©
The \ector xT A" is tie outputofthe second hidden Hyer,
ul A™is the inputand yi AP is the output AT A"™",
BT A", CTAP" DTA"™ and HTA™ are te
intrconnection matrices. This araitecture can be seen as a

m odification of the origina Bdiscret time RNN proposed by
H opfie B [13] The neuraBactivation function j(x)is the

hyperbolctangent

The weights of the network are adjustd © minimise a
sum of the squared errors. Onc training is performed, the
pastoutputs ofthe actuallsysem vy (k) are rephcd by the

pastoutputs of e neuralnework y,(k) (paral EIm ode).

Folbwing this proccdure an autonomous non Inear stat
spacc mode B(13) is derived, making tis arciitcture we H

suitd for non Inear controlsyntiesis in whidh te output
regu htor stratgy is an examp k.

x(k +1) = Dj { Ax(k)+Buk)}+{ +FC}x(k)
y(k) = Cx(k)

(13a)
(b)

B.The proposed Barningm et odo bgy

The proposed Barning meth odobgy consists in a prevous
off Ine Barning and a postrior on- Ine Barning.

Off Ine MBarning. As pointd out by Hagan [14] te
Lenenberg-Marquadtis more eflicientthan other ®€chniques
when the network contains nomore tran a fw hundred of
parametrs. Due t their efectiveness tis alborittm was

used for the off Ine training of the recurrent neural
network.
On-Ene HBarning: Sexerall training aborittms haw been

proposed o adjustthe valies ofthe network paramet®rsq in
recurrent networks. Typicalexampls are te reall time
recurrentalborittm [15] te dynamicbac propagation [16]}
and te bad propagation trough time [17] These met ods
use a gradienthased Barning alborittm being the weigh
diranges given by

a(k +1) =q(k) +Da(k) 14)
with

Da(k)=h(k )Pk )en (k) 15)
where e,(k) is te identification error, h(k) is a gain

parametrand P(k) is function ofawai kb B inform ation.

In the presentwork a straigh tiorward variation of tis
generallmetiod was folbwed. Firston ¥ the outputm atrix,
C, equation (13a), is updatd. With this procecdure the
dynamics of the neuralnetwork, captured with the ofF Ene
Barning, is fixed and on ¥ a gain parame®r is updatd.

Additiona ¥, at eadh discret time stp k, an itratie
procedure is performed to updat the network weights. The
incement Dg(k)=h'(K)P' (kX! (k), evalatd at eadh
itration i,isdetrmined sud t atre htion (16)is \erified.

en(k)=aeq () (16)

Folbwing tis approad,
se Bcion of te constant a,
con\erges tozero.

and under an appropriat
the identification error

IV. SOLMING REGULATOR EQUATIONS

Due t the non Enearities, the derivation of an anabticall
solition for tie outputregu bhtor prob Im is, in most aases,
impossib B. In tis work, based on the particu bhr recurrent
neuralinetwork m ode Ban approxim ation meth od is folbwed.
In fact, e regu htor equations and the recurrent HEnear
network actual® conpImentead oter, ie, the regu htor
equations consistin a recurrentneurallnetwork, with the
same ardvitcture as te originalneurallnetwork used for
m ode Mng purposes.

The proposed aborittm Bads the prooIm ®© a pol
phaementdesign ensuring thatte solition ofthe regu htor



equations con\erges ifthe resu king eigenvallies are ciosen
tbhestabl.

A_Aboritim
For a SISO sysem with n stats and m=p=1, and tac ing
into accountt e re htive degree 18] tie \ector Gw )i A",

composed for the mappings tat are intnded t be
detrmined, is defined by (17).

&P 1 ()Y
QW) =P o)y
8aw)

where P;w)l Al (the valie oftie neuralinetwork re htive

1n

degree)and P,(w)i AL,

i)Zerooutputamnstrained dynam ic a borittm

The app lcation of the zero output constrained dynamics
aboritm [B]t tie presentprobIm Bads o the folbwing
setofnt 1equations with n+ L unknowns (18).

)] (18a)
CiP1+Cy Py =w(k)
i (b)
Cri {A1P1 + APy +BigM )} +(CiH 13 +CoH 1o )Py +
Coi {A2iP1+ ApP o +Byg )} +(Colt o1 +Coll )P
—w(k +1)
iii) ©
i {A2P1+ ApP o +BogW ) +H 2Py +H Py =P,

c, 1AM c,1 A1 B, 1 Altand B, An-11 are
m atrices defined respective ¥ by (19 )and (20).

c=[a cl 1)
_€Bju (20)

° .0
The matrices Ay 1 A, ALT AL Ay T A" and

Agp T AN LML are defined by (21) H; has e same

dimensions as Ajj.

_€éAnn Al @1
TR Ang
ii) Setup ofthe itrative prob Im
Define an error function, ET A"*! | described by (22).
ie(L)u (22)
=fe(2)y
fe@)]
sud thatthe errors e(1), e(2)and e(3)are given by (23).
e(1)=Ci P +Cy P, - w(k) (23a)

e(2)=Cj {A11P1+ AP, + B9 }+(CLH 11 +CH )Py + ®)

C,j {A21P1 + AP, +Bog }+(CzH 21 +Colt 2P
Sw(k +1)
e(3) =] {A21P1+A22P2+529}+H 2Py 1 2P, - P, ©

It is possib B ®© define a diferenc error, between two
consecutive itrations, i and i-1, as folbws:
lel() et @)U
=lei@- "1y
re'(3) e'l(s)t,

(24)
E -E i-1 _

Define aBo the incement betveen Wwo consecutiwe
it rations gi\en by (25), or (26).

i-1 U é U
& i QDI 1(w)u eDP (w)
d:’z(W)U:dz’z (W)U"'erz(W)U

i-1
50 W)y gd M)y gDu )y

(25)

Gi :Gi_l +|:x3i (26)

where P{, Piz and gi and Pil'l, Piz'l and gi'l are

respectinve ¥ the \valies of the mappings © be evallatd at
itrations i and i-1.

iii) Con\ergenc ofthe itratie a Boritim

The prob Em under inwestigation can be statd as te
detrmination of the increment suar that bhetween Wwo
consecutives it rations the follbwingcondition (27)h olis.

El=LE"?! @7

being LT A" a matrix with stab B eigenvalies. I this

re Btion is \erified the error wi Mcon\erge and te regu htor
equations wilh ave a solition.

iV)Detrmination ofthe inaementateadh time s&p

The hyperbollc activation function considered in the
neuralmode Bhas some usefull properties. Being a non-
decreasingm onotonicfunction itis possib § owrit (28).

j x+Dx)=] (x)+k Dx

where K isavalie between (X) and (X + Dx). The valie of
kK can be approxim atd by taken a firstorder approxim ation

(28)

J (X +Dx)-j (x)=JIDx (29)
wit 3=
fix

Using (26) and app ¥ing this resu kto equations (23) itis
possib B owrit te difErenc error as (30)

er (w )U_
eDg (w )l

where M1 A" s 3 matrix determined by considering
th e approxim ation ginen according t (29 ).

(30)

El-El=_\m -MDG



V) Conclision
Using this procedure te regu htor equations can be setas
aprob Im ofpoll phaementdesign. In fact, ifthe increment

DG is diosen as a function ofth e pre\ious error E"l,

DG=K E'*! (31)
ten

Ef=[1- km]E"? (32)
and, final®, K shouB be detrmined sudh tat te

eigenvalies of the error equation are in desired bcations,
t atis,
eig[l- KM]:eig(L)
Henc, by a suitab I choice of K, the itrative procedure
drines tie error tozero.

(33)

V. EXAMPLE

In order to iMistrat the applcabilty of the proposed
control scheme the €mperature controlin a Rhboratory
heating systm is considered. The systm dynamics is
assumed  be oW unknown and the controlhw ison ¥
based on measurement from the system.

A_The Bboratory process

In the Bboratory process, depicted in Fig. 3 and Fig. 4, air
is forced t© circu bt by a fan b bwer through a ductand is
heatd atits in It This is a non- Inear process with a pure
time de Ry, whicdh depends on the position of the
tmperature sensore Imentand the air fibw rat, depending
on te damper position W. The sysem input u(k), is the

wvollage on te heating deMc, which consists ofa mesh of
resistor wires, and the output yg(k), is tie outht air

tmperature.

Fig. 3. Laboratory Process.
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Fig. 4. Scvematicdiagram ofthe Laboratory Procss.

B.Experiment

SamplIng time was diosen as 0.2 seconds. For m ode Hing
purposes a recurrentneurallnetwork with five neurones in
both hidden unit n =5, was considered. In the itratie
outputregu lhtion alorittm the eigenvallies were chosen
be phcd at0.2. The recurrentnetwork was previous trained
with a representative sequence of data points with the
Lenenberg-Marquadta Bborithm .

The performanc of tie proposed control scheme was
tstd for diferentsetpoints r(k), such as a square wawe
and a sinusoidalwawe. As can be obsened in Fig. 5 and in
Fig. 6, the proposed contro lapproach giwes quit satisfactory
resulls. Clar¥ itperforms considerab b we HMin tracking th e
setpoint.

ysk) utk)
<1 | | pa]
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40 140
35
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20 10
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Time E]

Fig. 5. Controlr performance - square waw refrence.
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Fig. 6. Contro Br perform ance - sinusoidalrefrence.

Dynam ics variation

This experimentaddressed the dynamics variation of the
Bboratory process. \Variations were considered in te flbw
rat ofthe inputair: DW= +20% atinstant15 seconds and
DW=-20%< at instant 25 seconds. The refrenc is a
constantvalie. Fig. 7 presents tie experimentalresu bs. As



can be obsened, due to the adaptive v arackristic, the
controllican h and B systm \ariations.

A 1 u
[l A pel
60 R
uc)
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50 q
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40 r(k) q
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25 10
20 q
0 5 10 15 20 25 30 35
Time ]

Fig. 7. Contro Bt perform ance for dynam ics variation.

M. CONCLUSIONS

In tis work the combination of the output regu htor
controltieory with recurrentneuralnetworks mode B was
inestigatd.

The output regu htor based on the neural parame®rs,
guarantes that the neuraltrading error con\erges  a
smaMlneighbourh ood ofzero,whill tie chbsed bop sysem is
stab B. Tocope with the inaccuracy oftie off Ine estim ated
neurall paramet®rs, and possib B dianging dynamics, an
adaptive stratgy was empbyed provding on-Ine Barning
ofthe network parame®rs. In this sense, tie neurallm ode i
can adaptinve b Barn the sysetm uncrtainties and the
regu htor hw adjst the controll action in order t
guarante arobustasym ptotice rror con\ergence.

Based on the recurrent neurallmode Ban approxim atd
itrative proccdure for soling tie output regu htor design
was derined, ensuring con\ergence ofthe solition.

The efectinveness ofthis € nique has been demonstratd
by sexerallexperiment in a hboratory proecss. Furtier
research willbe done towards te study of stabi lty and
robustness prope rties ofth e proposed controlstructure.
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