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Abstract: The problem of on-line learning using recurrent neural networks, using within a model based non-
linear control scheme, is addressed in this paper. The control output regulation theory is introduced, leading to
an indirect adaptive control structure and matching both the classical non-linear control and neural methods.
The main goal is to investigate the combination of the well-known learning abilities of neural networks with the
stability properties of the output regulator. The practical potentials of the proposed scheme are demonstrated by

some experimental results on a laboratory bench process.
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1. INTRODUCTION

It is recognized that neural networks offer a number of
potential benefits for application in the field of control
engineering, particularly in modelling non-linear
systems. The main advantages are their inherent ability
to approximate non-linear mappings (Jin et al, 1995) and
their learning capabilities through examples, performed
either off-line or on-line. Among neural networks,
recurrent neural networks are particularly suitable for
modelling purposes and control applications. In fact,
recurrent neural networks have a compact structure and
they are in a standard non-linear state space form.

Advanced control methods, that explicitly considers the
intrinsic non-linearities of the process, have recently
been investigated (lIsidori, 1995), (Khalil, 1992) and
(Nijmeijer and Schaft, 1990). The output regulator is a
non-linear model based control algorithm that
guarantees the convergence of the tracking error to a
small neighbourhood of zero, while assuring that the
closed loop system is stable. If the system is linear and
time invariant and their parameters are completely
known, a linear regulator is derived (Francis, 1977).
However, for non-linear systems the problem becomes
more complicated (Isidori and Byrnes, 1990). In this case
the solution of the output regulator problem leads to a
set of non-linear difference equations for which is very
difficult, or even impossible, derive a closed solution
(Castillo et al, 1993). Here, to overcome the problem, an
iterative procedure is presented. The proposed algorithm,
based on the recurrent neural network structure, ensures
the convergence of the regulator equations solution.

The non-linear control theory, such as feedback
linearization  or  output regulation, offers a
straightforward method for solving non-linear regulation
problems.

One drawback on non-linear control theory is the
assumption of a perfect model, leading to a heavily
dependency on the accuracy of the process model. To cope
with the modelling errors of the off-line estimated neural
parameters, and changing dynamics, an adaptive
strategy was employed by providing on-line learning of
the network parameters. In this sense, the neural model
can adaptively capture the system uncertainties and the
regulator law adjusts the control action in order to
guarantee zero offsets.

It is intended with this approach to investigate the
combination of the identification capabilities of neural
networks and the stability properties of the output
regulation controller. Employing a recurrent neural
network, the unknown system under control can be
replaced by the network model, trained by an appropriate
on-line learning algorithm, transforming the original
problem of control into a non-linear control problem
suitable to be designed with the output regulation
theory.

This paper is organised as follows. In section 2 the
recurrent neural architecture and both off-line and on-
line learning laws are presented. In section 3 a brief
review of output regulation theory is presented, being the
problem stated and described the iterative procedure
that solves the output regulator equations. In section 4
the proposed adaptive control structure that combines
the recurrent neural and the output regulator is
illustrated. Section 5 presents some experimental results
with a non-linear laboratory process, and, in section 6,
some conclusions are stated.
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2. MODELLING WITH RNN

Due to their well know ability to approximate uncertain
non-linear mappings neural networks become a potential
model solution to many adaptive non-linear control
problems. As has been observed from recent
developments, under a suitable choice of network
architecture, learning methodologies, and appropriate
data set training, neural networks can be conveniently
trained to be included in the control system context
(Kulawski and Brdys, 2000).

2.1. Recurrent Neural Network Architecture

Several discrete time recurrent neural network
architectures have been proposed. A good review has
been reported in (Tsoi and Back, 1997) and (Kremer,
1998). One possible classification for these architectures
can be based on the accessibility of their states (Tsoi and
Back, 1997). Depending on whether or not the states of
the network are observable they can be divided into two
groups.

In one group, for which the states are accessible, Time
Delay Neural Network (TDNN)(Narendra and
Parthasarathy, 1991), is a well-known example. The
TDNN provides a simple form of dynamics that gives the
network the ability of modelling non-linear dynamic
systems. A variation on the TDNN is the Gamma
network, where the TDNN is replaced by a set of
cascaded filters (Vries and Principe, 1992). This class of
networks can be interpreted as a non-linear auto-
regressive with exogenous inputs (NARX) model.

The other group includes networks that have hidden
neurons not directly accessible. They can be divided into
two classes: globally recurrent networks (Williams and
Zipser, 1989), and locally recurrent networks (Frasconi et
al, 1992). One network that fit into this class is the well
know Elman’s simple recurrent network (Elman, 1990).
Since their behaviour can be describes by a non-linear
state space model they are also known as state space
neural models.

In this work, a neural network considering hidden
neurons that are not accessible is adopted. The
architecture proposed is depicted in Fig. 1.

u(k)

Fig. 1. Block diagram of the recurrent neural network.

The following reasons justify this choice: state space
models describes a broader general class of dynamical
systems than input-output models; they have a lower
order and require a smaller number of past inputs (i.e. a

smaller number of regressors), and therefore a smaller
number of parameters; finally, they present a compact
structure and they are in a standard form, which makes
them an ideal candidate for the application in model
based control schemes, which are the main interest of
this paper.

The behaviour of the proposed structure can be
described by the following discrete time equations:

x(k+1)= Dg{ Ax(k) + Bu(k} +Hx(k) + Fy(k) (1a)
(k) = Cx(k) (1b)

The vector xOO" is the state, «OO™ is the input and

y ,00OP is the AQO™ poOo™™,
cooP™ , pgOd™® and HOO™™ are the interconnection
matrices. This architecture can be seen as a modification
of the original discrete time recurrent neural network,

proposed by Hopfield (Hopfield and Tank, 1985). The
neural activation function ¢(.) is the hyperbolic tangent

output.

function.

The network's weights are adjusted in order to
minimise the sum of the squared errors. Once
identification is achieved, two modes of operation are
possible: series-parallel, where the outputs of the process
are used as inputs to the model, and parallel mode,
where the output of the network is feed back into the
network. While training is greatly simplified with the
first approach, the neural model can generate only one
step ahead prediction. In the parallel mode more than a
one-step ahead prediction is possible, however the
training procedure is generally very slow and one cannot
expect the identification model to be perfect. In the
proposed structure both modes are tacking in account.
First, training is performed with the past outputs of the
actual system y(k) (series-parallel mode), allowing a fast

training. Next, past plant's outputs y(k) are replaced by
past outputs of the neural network y,, (k) (parallel mode).

Following this procedure a non-linear state space model
in the form (2) is derived.

x(k+1) = D { Ax(k)+Bu(k} { H+FG x(k) (22)
(k) = Cx(k) (2b)

2.2. Learning Algorithms

If learning is performed off-line the neural network is
supposed to be accurate enough to model the real
process. Yet, when controlling the process, the
performance may become very poor in case of process
variations, namely, in its structure. In other hand, the
implementation of on-line learning algorithms can be
computationally very demanding, so the reduction of
computational complexity is particularly appealing. The
focus of this section is to describe a feasible learning
algorithm for on-line post-training of recurrent neural
networks.

Off-line learning: The simplest method is the steepest
descent algorithm. More advanced methods are quasi-
Newton and Levenberg-Marquardt, which are Newton
like methods that try to build curvature information of
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the Hessian, based on gradient information only. For
large-scale problems, conjugate gradient algorithms are
preferred, because in this algorithm there is no need to
store matrices. As has been appointed by Hagan (Hagan
and Menhaj, 1994) the Levenberg-Marquardt method is
more efficient than other techniques when the network
contains no more than a few hundred of parameters. Due
to their effectiveness this algorithm was used for off-line
training.

On-line learning: Several training algorithms have
been proposed to adjust the values of the network
parameters in recurrent networks. The well known are
the real time recurrent algorithm (Williams and Zipser,
1989), the dynamic backpropagation

, and the backpropagation trough
time (Werbos, 1990). The algorithm proposed here is a
modification of the one proposed by (Chow and Fang,
1998). It is assumed that in equation (2) the matrices C,
F and H are fixed and determined off-line. Therefore,
only matrices A and B are going to be determined on-

line. Let the matrix W (k) DO™"*P pe given as follows:
W (k) =[A(K) B(K)] 3)

For each time step k an iterative procedure is
established. The identification error e, (k) at each
is defined byel (k) =y(k) =y (k). From
equation (2) it is possible to obtain,

e = y(k) —c¢{Wi(k)z(k—1)}+C{H+Fc}x(k—1) )
where z(k)OO™*P is given by (5).

iteration 1,

2(K) = [x(k) u(k]" ®

Wi(k) has to be determined from the previous
iteration \X/H(k) by (6).

Wk) = W k) + AW (k) (6)

The problem consists in determining the increment

A\X/i(k), such that, between two consecutive iterations

the identification error efq(k) verifies (7).

en() =a e () Q)
where a is a stable matrix. If this condition holds, the
error will converge to zero. For the hyperbolic activation

function (a non-decreasing monotonic function) it is
possible to write (8).

plx+ )= = 220 ®

Using this approximation equation (4) can be rewritten
as follows:

(k) =€ ik) s ~CAW (k)z(k—1) ©
Choosing

AW = EH[CCT]@M en (k) @«k T xge-1] -1)T§ (10)

equations (9) becomes

k) <(1-M)e k) (11)

In order to assure that the error converges, M must be
chosen such that the eigenvalues of (I-M)=a are

placed in the open unit circle of the complex plane. It is
assume that the scalar (CCT)_1 #0 and in case of the

scalar (z(k—l)Tz(k—I))_IZO the weights are not

updated. The proposed learning algorithm can be seen as
a gradient type algorithm with a varying learning rate.

3. OUTPUT REGULATION THEORY

The output regulation technique is especially appealing
from the point view of the non-linear control system
design. The main goal is to derive a control law such that
the closed loop system is stable and, simultaneously, the
tracking output error converges to zero. A complete
solution for linear systems was given by Francis (Francis,
1977). For non-linear discrete time systems, Castillo
(Castillo et al, 1993) using the zero output constrained
algorithm (Monaco and Normand-Cyrot, 1987), shows
that the solution for the problem is reduced to the
solution of transcendental non-linear equations, which
represents the discrete time counterpart of the
differential and transcendental equations, found for the
continuous time systems by Isidori (Isidori and Byrnes,
1990).

3.1. Solution of the Output regulation Problem

Consider a multivariable system, with m inputs and
p outputs described by state equations of the form (12).

x(k+1) = f{x(0), uk), w(k} (12a)
y(k) = h{x(k)} (12b)
where f:0 ™ -0 and h:0" - O are non-linear

functions; w(k)OO™, yk)OOPand x(k)OO"™ are,
respectively, the input vector, the output vector and the
internal state vector, at a discrete time k. The vector

w(k) OOP defines a reference signal, generated by a so-
called exosystem (13).
wk+1) = s {wk)} (13a)

ya(k) = r(w) (13b)

The problem of output regulation consists to find a
state feedback control law such that the tracking
errores(k) (14), goes to zero and the whole system is

asymptotically stable.
ec(k) =h(x) —r(w) (14)

Theorem (Castillo): The state feedback discrete time
regulator problem is locally solvable if there exits two

ch (h=2)mappings x=n(w) and u=c(w) satisfying
(15).

n(s(w)) = f{ mw), c(w), w} (15a)

0 = h(n(w)) —r(w) (15b)

It is easy to show that the particular control law given
by (16) satisfies (15).
u(k) = c(w) + K[x = 7(w) (16)
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KOO™" is a matrix that places the eigenvalues of the
first order approximation of the non-linear state space
model in desired locations.

3.2. Solving the Regulator Equations

As given by equation (15) the solution of the output
regulator problem is reduced to a set of non-linear
difference equations, known as regulator equations.
However, except in a very few cases, it is very difficult to
derive an analytical solution for mappings x =7n(w) and
u=c(w). One possibility to overcome the difficult
originated by the non-linearities is to solve
approximately the regulator equations. Castillo (Castillo
et al, 1993) has presented and derived conditions for the
existence of an approximate solution for the discrete time
case, based on a polynomial expansion. Based on a
Taylor series expansion, Huang and Rugh (Huang and
Rugh, 1992) have proposed an approximation method for
the continuous case. Recently, the same authors (Huang
and Rugh, 1999) have presented an alternative
approximation using a type of recurrent neural network,
analogous to a cellular network.

In this paper, taking into account the recurrent neural
structure an iterative algorithm that ensures
convergence of the regulator equation solution is
followed. The regulator equations and the recurrent
linear network actually complement each other. In fact,
regulator equations can be described by the same
architecture as the original recurrent neural network
used for modelling tasks. The proposed algorithm is
similar to the on-line learning algorithm, leading to a
pole placement design and ensuring convergence if the
eigenvalues of the error equation are chosen to be stable.

The application of the zero output constrained
dynamics algorithm (Monaco and Normand-Cyrot, 1987)
leads to the following set of n+p equations with n+p

unknowns (17).

Cym +Cy my =w(k) (17a)
C1¢{ Ajym + A +Biyw} { CiHy  +CoH ) 1y (17b)
+Cy ¢{ Agym + Ay +Byy(w}  CoHy, +CyHy) 1y

=aw(k+1)

¢{ Aym + Apm +Byy(w} + Hyym +Hypym =m (17¢)

where c(w)00P and mw) = [m(w) m(w) | 00" are
defined in (16). m(w)O0 (neural network relative

degree value), sz(w)DDn_l and Ay, B;, C; and Hy; are
matrices of appropriate dimensions.

The problem under investigation can be stated in
similar way as the on-line learning algorithm (section
2.2). It is intended to determine the mappings
M(w)= [c(w) T(w) ]T 00™! such that the error between
two consecutive iterations i and i—1, derived from (17),
verify (18).

E'=AE"! (18)

The matrix AOO™"™ has stable eigenvalues (a
diagonal matrix is a particularly convenient choice).

4. CONTROL STRUCTURE

The recurrent neural model replace the unknown
model, transforming the original problem of control into
a non-linear control problem, suitable to be handled by
the output regulation theory. On the other hand, if the
training is performed off-line, non-linear neural models
are not exact in the presence of disturbances, parameter
variations and uncertainties. Thus, to overcome this
drawback an adaptive strategy is applied by providing
on-line learning for the network parameters (Fig. 2).

Exosystem
BC
W (k)
. bl
Regulator ulk) cural
solver Network
W (k)

Learning Law

A\ 4

Plant

Fig. 2 - Block diagram of the proposed control structure.

In this approach, a learning law updates on-line the
neural weights W (k) , based on the identification error,

en (k) =y, (k) —y,(k) . The regulator design for the neural

network ensures the asymptotic convergence of the
neural tracking error, e.(k)=7y,(k)—y (k). Thus, if the

parameters of the neural model are properly adapted in
the presence of parametric variations or uncertainties in
the dynamics of the system, the recurrent neural
network will be able to capture the process dynamics
and, on the other hand, the control will be able to follow
the set point trajectory. In fact, the system tracking
error, e(k) = ys(k) —y4(k), can be written as

e(k) = (55(k) = 3, () + (3 (1) =34 (K)) (19)
Since the regulator assures that
klim {3200 = ya(k} =0 (20)

then, the overall error will converge if the identification
error also converges, that is:

klim { ys(k) —yn(k)} =0 (21)

Following the on-line learning approach and under an
appropriate selection of a the identification error
converges to zero.

5. EXPERIMENTAL RESULTS

In order to illustrate the applicability of the proposed
control scheme, the temperature control in a laboratory
heating system is considered. The system dynamics is
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assumed to be totally unknown and that the control law
is only based on input-output measurements.

5.1. Laboratory process

In the laboratory process, illustrated schematically in
Fig. 3, air is forced to circulate by a fan blower through a
duct and heated at its inlet. This is a non-linear process
with a pure time delay, which depends on the position of
the temperature sensor element and on the air flow rate,
which relies on the damper position Q, see Fig. 3. The
system input u(k), is the voltage on the heating device,

which consists of a mesh of resistor wires, and the
output, y,(k), is the outlet air temperature.

Air
R Output
I (=

sensor

| |
T u(k) ¥, (k) l

Input Output

Air Input

Fig. 3. Schematic diagram of the Laboratory Process.

5.2. Experiments

For modelling purposes a recurrent neural network
with five neurones in both hidden unit, n=5, was
considered. For the iterative output regulation algorithm
the value for (1-M)=a =0.8 was chosen. The recurrent
network was previous trained with a fixed sequence of
400 data points (80 seconds), corresponding to a
sampling time of 0.2 seconds (Fig. 4) and considering a
series-parallel mode.

As can be observed from Fig. 4 the network is
satisfactory able of describing the system’s dynamics.

y,(k) u(k)
[°Cl [%]
ol uk)

60 -

501

40 440

30F

20r RO

0 10 20 30 40 50 60 70
Time [s]

Fig. 4 — Identification performance - off-line learning.

If the recurrent neural network is indeed able to
capture the non-linearities, it provides a suitable non-
linear predictor to be used within the output regulation
algorithm.

The performance of the proposed control scheme was
tested for different set points, y4(k), and results for a
square wave presented in Fig. 5. As can be observed, due

to the model uncertainties, there are some deviations
from the desired output.

3,(k) ‘ ‘ ‘ ‘ ‘ ‘ " uk)
rcr | 7 19%]

60
50 60
40
30k

40

20

20

Time [s]

Fig. 5. Controller performance — without learning.

Fig. 6 shows the results when on-line learning is also
considered. In this case, as can be observed, the proposed
adaptive control approach gives quite satisfactory
results. Clearly, it performs considerably well in tracking
set points.

y,(k) ‘ ‘ ‘ ‘ ‘ ‘ " ulk)
ecr | 71%]
60 \/_\ ut B

50 + 4 60

30k 40

20 y,(k)

Time [s]

Fig. 6. Controller performance — with on-line learning.

The next experiment addressed the dynamics variation
of the laboratory process. Variations were considered in
the air flow rate, changing in this way the overall plant
delay: AQ=+25% at instant 13 seconds and
AQ =-25%, at instant 33 seconds and considering a
constant reference. Fig. 7 presents the experimental
results. As can be observed, due to the adaptive
characteristic of the proposed method, the control can
accommodate system variations.
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Fig. 7. Controller performance - dynamics variation.

6. CONCLUSIONS

Due to their intrinsic approximate properties, a
recurrent neural network for modelling purposes was
presented. States are assumed inaccessible and
identification is performed wusing input output
information. Its particular architecture, which can be
seen as a non-linear state space model, along with the
fast training provided by the proposed learning
algorithm, makes this approach a feasible one for non-
linear model based control techniques, such as the output
regulation. For dealing with the output regulator design
an approximated iterative procedure, ensuring
convergence of the solution was derived. The output
regulator guarantees the neural tracking error
convergence to zero.

To cope with the inaccuracy of the off-line estimated
neural parameters and, possible, changing dynamics, an
adaptive strategy was employed by considering on-line
learning. In this sense, the neural model can adaptively
learn the system uncertainties and, thus, the regulator
law adjusts the control action in order to guarantee error
convergence.

The effectiveness of this technique has been
demonstrated by experimental results from a laboratory
process. They show that the control structure can not
only adaptively learn the system dynamics but also
guarantee asymptotic error convergence.
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